Abstract. Every classical knot is band-pass equivalent to the unknot or the trefoil. The band-pass class of a knot is a concordance invariant. Every ribbon knot, for example, is band-pass equivalent to the unknot. Here we introduce the long virtual knot concordance group VC. It is shown that for every concordance class Ã℄ ¾ VC, there is a Â ¾ Ã℄ that is not band-pass equivalent to Ã and an Ä ¾ Ã℄ that is not band-pass equivalent to either the long unknot or any long trefoil. This is accomplished by proving that Ú ¾ ½ · Ú ¾ ¾´Ñ Ó ¾µ is a band-pass invariant but not a concordance invariant of long virtual knots, where Ú ¾ ½ and Ú ¾ ¾ generate the degree two Polyak group for long virtual knots.
Band-pass equivalence of knots is generated by isotopy and the moves depicted in Figure  1 . Every classical knot is band-pass equivalent to either the unknot or the right trefoil. In particular, every ribbon knot is band-pass equivalent to the unknot. Furthermore, the band-pass class of a knot is a concordance invariant. The band-pass class of a knot is completely determined by the Arf invariant. The Arf invariant is essentially combinatorial.
It can be defined as the coefficient ¾´Ã µ of Þ ¾ in the Conway polynomial of Ã, modulo two. This classic story, due to Kauffman [10] , elegantly displays the interaction of topology and combinatorics in knot theory. The topological equivalence relation of concordance is a subset of the combinatorial relation of band-pass equivalence. Virtual knot theory can be roughly defined as the study of properties of knot diagrams that are preserved under isotopy and stabilization of the ambient space. Virtual knots are thus partly combinatorial and partly topological. From this point of view, it is natural to reconsider the story of band-pass equivalence for concordance of virtual knots. This line of investigation was originally suggested by Kauffman [12] . Here we consider long virtual knots. The main theorem is that every concordance class of long virtual knots contains representatives that are not band-pass equivalent to each other and representatives that are not band-pass equivalent to either a long unknot or a long trefoil.
The motivation to study long virtual knots comes from two observations. In Section 1, we will show that long virtual knots form a group under concatenation. Thus long virtual knots generalize the well-known classical knot concordance group. The second observation is that the Arf invariant has a simple extension to long virtual knots. With a choice of base point, ¾´Ã µ Ú ¾ ½´Ã µ Ú ¾ ¾´Ã µ [3] for all classical knots Ã, where Ú ¾ ½ Ú ¾ ¾ generate the Goussarov-Polyak-Viro finite-type invariants of degree two for long virtual knots [7] . Neither Ú ¾ ½´Ñ Ó ¾µ nor Ú ¾ ¾´Ñ Ó ¾µ is a band-pass or concordance invariant for long virtual knots by themselves. However, it will be shown that Ú ¾ ½ · Ú ¾ ¾´Ñ Ó ¾µ is a band-pass invariant but is not an invariant of virtual knot concordance. The main theorem is a direct consequence of this result.
An outline of this paper is as follows. Section 1 begins with a review of virtual knot concordance. A combinatorial proof that long virtual knots form a group is also given in this section. Section 2 is devoted to the band-pass invariant and the proof of the main theorem. Section 3 contains further discussion and indicates directions for future research.
1. The Long Virtual Knot Concordance Group 1.1. Concordance. Long virtual knot diagrams are immersions R R ¾ , identical with the Ü-axis outside a compact set, such that each self-intersection is a transversal double point. Each double point is marked as a classical or virtual crossing. These diagrams are considered equivalent up to the extended Reidemeister moves [11] (see Figure 2 ). All long knots are oriented from ½ ½. A long virtual link is a virtual link in the usual sense except that exactly one component is a long virtual knot. Long virtual knots were first introduced by Goussarov-Polyak-Viro [7] in their study of finite-type knot invariants. It follows that can be reconstructed from the cobordism movie of births, deaths, saddles, and Reidemeister moves. The vertices of are as described above. Each knot appearing in the movie is an edge of . An edge is incident to a vertex if its knot is involved in a saddle, birth, or death at the corresponding critical point (or if it is Ã ¼ or Ã ½ ). For a concordance of knots, the cobordism surface must be an annulus. Also note that the Euler characteristic can be computed from the critical point data of births , deaths , and saddles ×. A concordance of knots is therefore identified with a movie that begins with Ã ¼ , ends with Ã ½ , has a connected Reeb graph, and satisfies ×· ¼.
This motivates the definition of concordance for closed and long virtual knots. The combinatorial formulation used here is adapted from Kauffman [5, 12] . Earlier topological formulations are due to Carter-Kamada-Saito [2] and Turaev [15] (see also Fenn-Rourke [6] ). The pairwise equivalence of these definitions follows from [2] . Example: A concordance movie beginning with the "fly", , is depicted in Figure 6 . The red arc indicates a saddle move. is well-known to be a non-trivial long virtual knot (cf. [1] ). The Reeb graph of this movie is given in on the far right of Figure 6 . The long virtual knot concordance group VC is defined by analogy to the classical knot case (see [10] for the classical definition). The elements are concordance classes, the identity is ½, the operation is , and inverses are defined as follows. Let Ö´Ãµ denote the reflection of the diagram Ã about a vertical line Ð intersecting Ã in one point to the right of a closed ¾-ball that contains all points of Ã not on the Ü-axis. Let Ö´Ãµ denote the change of orientation, so that Ö´Ãµ is oriented from ½ ½. Then Ã ½ Ö´Ãµ. Ð Ü Ñ´Üµ Ð Figure 7 . Two saddle moves used in the proof of Theorem 1.
Theorem 1.´VC
½µ is a group.
Proof. We will show Ã Ö´Ãµ ½. Any two long virtual knots having the same Gauss diagram on R are equivalent by moves Úª½ Úª . We may thus assume that Ã is given so that all classical crossings Þ lie on a line perpendicular to the Ü-axis. The classical crossings are connected together by arcs to produce the correct Gauss diagram of Ã, inserting virtual crossings where necessary. Furthermore assume that the the line Ð defining Ã Ö´Ãµ is to the right of . For each Þ, let Ñ´Þµ denote the corresponding crossing in Ö´Ãµ. For each Þ, draw a pair of parallel red arcs near the crossing point as in Figure 7 .
It may be assumed that all intersections of the red arcs with Ã Ö´Ãµ are transversal and that the arcs are symmetric with respect to Ð. Apply two saddle moves on the red arcs. This gives Figure 7 , right, locally for each Þ. All crossings coming from the red arcs with Ã Ö´Ãµ are virtual. Let Ä be the resulting long virtual link.
Observation: The cobordism given in Figure 7 adds two components to the long virtual link diagram. To see this, begin constructing Ä with some chosen crossing Þ of Ã.
Perform one of the two saddle moves on the red arcs. By Figure 5 , a saddle move beginning with two arcs from the same component increases the number of components by one. By symmetry, the endpoints of the other red arc for Þ and Ñ´Þµ must now lie in the same component. Surgering along the second red arc thus also increases the number of components by one. Proceed with crossings Ý Þ of Ã.
Observation: For each Þ, the pair of crossings Þ Ñ´Þµ of Ä can be removed with a ª¾ move. All classical crossings of Ä are annihilated in this way.
Thus Ä is equivalent to a long virtual link having no classical crossings. It has ½ as a component together with ¾Ò disjoint circles, where Ò is the number of classical crossings of Ã. Kill each of these disjoint circles to obtain a cobordism to ½. Since the Reeb graph is connected and × · ¾Ò · ¾Ò ¼, it is a concordance.
The Band-Pass Invariant
Two long virtual knots will be said to be band-pass equivalent if they are related by a finite sequence of extended Reidemeister moves and band-pass moves (see Figure 1) . Here we will prove that, contrary to the classical case, the virtual knot concordance relation is not a subset of the band-pass relation. To do this, it is necessary to find a band-pass invariant that is not a concordance invariant. It will be shown that a simple modification of the Arf invariant satisfies this criterion. We begin by reviewing the definition of the Arf invariant of a classical knot in terms of the degree two Goussarov-Polyak-Viro finite-type invariants Ú ¾ ½ and Ú ¾ ¾ (see [7] 
Note here the convention of [7] is used, so that if no crossing signs appear on the arrows of a diagram, then the diagram represents the weighted sum of all possible ways the diagram may be signed and the weight of each summand is the product of the signs of all its arrows.
For example, the diagram for Ú ¾ ½ represents four diagrams. Each has a pair of arrows as depicted and the signs vary as´¨ ¨µ,´¨ ©µ,´© ¨µ, and´© ©µ. The Arf invariant of a classical knot Ã is the coefficient ¾´Ã µ of Þ ¾ in the Conway polynomial of Ã, taken modulo two. On the other hand, we have that ¾´Ã µ Ú ¾ ½´Ã µ Ú ¾ ¾´Ã µ.
This follows from the fact that the dimension of the the degree two finite-type invariants of classical knots is ½ and all three invariants have the same value on the right trefoil. Thus the Arf invariant of a classical knot is given by Ú ¾ ½´Ã µ´ÑÓ ¾µ Ú ¾ ¾´Ã µ´ÑÓ ¾µ.
Although the Arf invariant is defined for long virtual knots, it is neither a band-pass invariant nor a concordance invariant. Let be the "fly" depicted in Figure 6 . Its Gauss diagram coincides with the defining Gauss diagram of Ú ¾ ¾ . Thus, Ú ¾ ¾´ µ ½´ÑÓ ¾µ whereas Ú ¾ ¾ vanishes on the unknot. Since ½, Ú ¾ ¾´Ñ Ó ¾µ is not a concordance invariant. Now perform the band-pass move on the long virtual knot Ä on the right in Figure 8 to obtain a diagram Ê. Then Ú ¾ ¾´Ä µ´ÑÓ ¾µ Ú ¾ ¾´Ê µ´ÑÓ ¾µ. Similarly, Ú ¾ ½´Ñ Ó ¾µ is neither a band-pass nor concordance invariant. Also note that Ú ¾ ½´ µ · Ú ¾ ¾´ µ ½´ÑÓ ¾µ. Thus, Ú ¾ ½ · Ú ¾ ¾´Ñ Ó ¾µ is not a concordance invariant. Figure 1 have five essentially different ways in which the depicted arc ends may be connected to form a single component, up to change of orientation. The number of cases may be reduced from five to three by noting that an ª¾ move converts the fourth and fifth configurations into the first and second, respectively. For each configuration, the point at infinity for Ã ½ may be chosen on any of the four dashed connecting arcs. Figure 9 shows one choice; other choices follow similarly.
Consider all subdiagrams of ½ and ¾ containing exactly two arrows from ¡. Consulting while the other pair contributes 1 on the right. Figure 9 . The five possible configurations of arcs, and the corresponding Gauss diagrams for the left and right hand sides of the band-pass move.
Theorem 3 (Main Theorem). For every concordance class Ã℄ ¾ VC, there is a Â ¾ Ã℄ that is not band-pass equivalent to Ã and an Ä ¾ Ã℄ that is not band-pass equivalent to either the long unknot or a long trefoil.
Proof. Again let be as in Figure 8 , left. Suppose that Ú ¾½´Ã µ · Ú ¾ ¾´Ã µ ½´ÑÓ ¾µ. Since Ú ¾ ½ ·Ú ¾ ¾´Ñ Ó ¾µ vanishes for any classical knot, Ä Ã is not band-pass equivalent to either a long unknot or a long trefoil. Set Â Ã . Then Ú ¾ ½´Â µ · Ú ¾ ¾´Â µ 1 ÑÓ ¾µ, since the invariant is additive under concatenation. Since is concordant to the unknot, we have Â Ã Ã. Thus, Â is concordant to Ã but Â is not band-pass equivalent to Ã. If Ú ¾½´Ã µ · Ú ¾ ¾´Ã µ ¼´ÑÓ ¾µ, set Ä Ã and Â Ã. The Henrich-Turaev polynomial is a finite-type concordance invariant, but it is not a finite-type invariant in the sense of GPV. For the closed or long case, are there any GPV finite-type invariants that are concordance invariants? The finite-type concordance invariants of classical string links are the Milnor invariants [8] and these can sometimes be expressed by GPV type formulae [14] . An interesting problem is to classify the finite-type concordance invariants of long virtual knots, and more generally, virtual string links.
Further Discussion
The group structure of VC is mysterious. Are there finite order elements in VC that are not concordant to any classical knot? Are there, for example, any elements having order four? The monoid of long virtual knots is not commutative. Is VC abelian (essentially posed by Turaev [15] )? The algebraic concordance group is a useful tool for studying the classical knot concordance group. Is there something analogous for long virtual knots?
